For Montesinos links L ⊂ S 3 , we present an efficient method to compute the twisted Alexander polynomial associated to any linear representation of π1(S 3 − L). In particular, formulas for multi-variable Alexander polynomials of these links can be easily derived.
Introduction
Twisted Alexander polynomial (TAP for short) was first proposed by Lin [14] and Wada [20] independently. Given a link L ⊂ S 3 . To each linear representation ρ of π(L) := π 1 (S 3 − L) is associated the TAP ∆ L,ρ . People have found TAP to be extremely useful in low-dimensional topology.
Friedl and Vidussi [5] showed that TAP can detect the unknot and the Hopf link. They also constructed a pair of knots with the same HOMFLY polynomial, Khovanov and knot Floer homology, but distinguished by TAP.
As a classical result of Fox and Milnor [4] , if K is slice, then the ordinary Alexander polynomial can be written as f (t)f (t −1 ) for some f . Generalized to TAP, more slice obstructions of such kind were obtained. Kirk and Livingston [11] showed that some knots (e.g. 8 17 ) are not concordant to their inverses. Herald, Kirk and Livingston [8] showed that 16 of the knots with no more than 12 crossings are not slice; this could not be done before.
Fibredness obstructions were also given via TAP. Kitano and Morifuji [12] proved that if K is fibered, then ∆ K,ρ is monic of degree 4g(K) − 2 (where g(K) is the genus of K) for any nonabelian ρ : π(K) → SL(2, F) for any field F. Closely related is the following Conjecture 1.1 (Dunfield, Friedl and Jackson, 2012) . If K is a hyperbolic knot and ρ 0 : π(K) → SL(2, C) is a lift of the discrete and faithful representation defining the hyperbolic metric, then ∆ K,ρ0 = 4g(K) − 2. Furthermore, K is fibered if and only if ∆ K,ρ0 is monic.
The following result of Friedl and Vidussi [7] is remarkable: a knot K is fibered if and only if there exist a, b (which can be expressed in terms of invariants of K) such that deg ∆ K,ρ = a|G| + b for any representation ρ factoring through a finite group G.
Another topic attracting much attention is the existence of epimorphisms between knot groups. Denote K ≥ K if there exists π(K) π(K ). This was known to define a partial order among prime knots. As shown in [13] 
For more applications of TAP, see [3, 6] and the references therein. TAP is usually thought of as a non-abelian, yet manageable invariant. TAPs of twist knots for nonabelian SL(2, C)-representations were computed in [15] and found interesting applications. Hoste and Shanahan [9] computed ∆ K,ρ for a class of 2-bridge knots K and for ρ factorizing through a dihedral group. Morifuji and Tran [16] computed TAPs associated to parabolic SL(2, C)-representations of double twist knots and verified Conjecture 1.1. Tran [19] derived formulas for ∆ K,ρ , when K is a torus knot or a twist knot, and ρ is the adjoint representation associated to an SL(2, C)-representation. Besides, there are few computations for families of links or of representations seen in the literature. Indeed, unlike the ordinary Alexander polynomial, in general there is no "skein relation" to use. For a link with m crossings and a d-dimensional linear representation, to obtain TAP by definition, one needs to compute the determinant of a (m−1)d×(m−1)d matrix, which is a tremendous job.
However, it turns out that, for Montesinos links L, there does exist a shortcut. We are able to derive a "universal" formula for the TAP associated to any linear representation. This method should be helpful for knot theorists to do computations. After all, Montesinos links, especially double twist links and pretzel links, are usually taken as examples to illustrate some general result, or even to propose a new conjecture, as done in [16, 17] . Specialized to the trivial representation, multi-variable Alexander polynomials can be easily computed, which will be useful for the realization problem of Alexander polynomials; see [18] Section 9. Furthermore, till now the relation ≥ between Montesinos knots is little understood, so is "1-domination" which is an enhance of ≥ (see [1] ). We expect TAP to be beneficial to these problems. 
(R)) be the matrix obtained by deleting the i-th row (resp. j-th column) of A. For a ring homomorphism ψ : R → R and A ∈ M For ∈ Z and a ∈ R × , put
Given a group homomorphism σ : G → H, letσ : ZG → ZH denote the canonical linear extension, which is a ring homomorphism.
For two elements g, h of a group, let g.h = ghg −1 .
Preliminary

Twisted Alexander polynomial
Suppose L is an oriented link with n components. Choose a planar diagram for L. Let α 1 , . . . , α m be the directed arcs, and κ 1 , . . . , κ m the crossings. One can define a bijection ι from {1, . . . , m} to itself by declaring α ι(i) to be the outgoing undercrossing arc of the κ i . With the "over presentation" (see [2] Chapter VI) for π = π 1 (S 3 − L), each positive (resp. negative) crossing as in Figure 1 (a) (resp. (b)) gives rise to a relatorx jxkx
Let F m be the free group generated byx 1 , . . . ,x m . Let M ∈ M m (ZF m ) with the (i, j)-entry ∂r i /∂x j (the Fox derivative), and let
Let φ : F m π be the quotient map, and let x j = φ(x j ). Let
denote the abelianzation, with t k the image of the k-th meridian. 
. . , e n ∈ Z; clearly . = is an equivalence relation. Given a representation ρ :
According to [20] , the twisted Alexander polynomial is defined to be
with the understanding that, up to equivalence, the right-hand-side of . = is independent of all the choices. Note that det ( 
where ∆ L is the multi-variable Alexander polynomial. For k = 0, the horizontal composite of |k| copies of [1] (resp. [−1]) is denoted by [k] if k > 0 (resp. k < 0), and the vertical composite of |k| copies of [1] Call the ordered pair (u, v) generating pair. The fraction is defined as
Montesinos tangle and Montesinos link
where the continued fraction 
The method
We have a simple observation.
If the crossing κ i is positive, so thatr i is of the formx jxkx
where D (a 1 , a 2 , a 3 ) denotes the diagonal matrix with diagonal entries a i . If κ i is negative so thatr i is of the formx
Consequently,
where
, where = 1 (resp. = −1) if κ i is positive (resp. negative), and
We shall do row transformations to convert Q into another matrix which is highly simplified. To speak conveniently, introduce formal variables ξ j , j = 1, . . . , m. Each row of Q corresponds to an equation m j=1 Q i,j ξ j = 0, and doing row-transformations are equivalent to re-writing such equations.
Computing ∆ L,ρ for rational links
, with arcs oriented in a compatible way. Let m = |k 1 | + · · · + |k r |, then T has m crossings and m + 2 arcs.
Let
, and numerate the remaining arcs arbitrarily. Introduce for each α j a formal variable ξ j ; also write ξ m as ξ ne to indicate that it is associated to the northeast arc, etc. Let Q T ∈ M m+2 m (Zπ) with each row given similarly as in (iii) following (1). Recursively, each ξ j can be written as a linear combination of ξ 1 , ξ 2 , with coefficients in Zπ, so via row additions Q T can be converted into
where U ∈ GL(d, Zπ) is the product of the elementary matrices corresponding to the row additions.
For the link D(T ), identifying ξ m+2 with ξ m and ξ m+1 with ξ 1 , we remove the last two columns of U Q T , and modify the last two rows according to the unions of ξ m+i = a m+i ξ 1 + b m+i ξ 2 and ξ m+i = ξ i for i = 1, 2. The result is
Remark 3.1. Since the m-th row of Q T is a linear combination of the other rows, we see that P could have been obtained from Q by doing row additions without using the m-th row.
Using (1), we obtain
.
,
The situation for the link L = N (T ) is similar. Identifying ξ m+2 with ξ m+1 and ξ m with ξ 1 , we remove the m-th and the last columns of U Q T , and modify the (m − 2)-th and the last rows, to obtain
Next, we show how to find
For h ∈ Z and a, b ∈ (Zπ) × , put
Adopt the following abbreviations:
Proof. For a positive crossing shown in Figure 6 ,
For a negative crossing shown in Figure 7 ,
The result can be easily established by repeatedly using these and (4). 
Apply Algorithm 3.3 to compute
Hence by (3),
In particular, setting x = y 1 = t 1 and y = x 1 = x 2 = t 2 , we find
Computing ∆ L,ρ for Montesinos links
Let T be a rational tangle T with m crossings. Introduce the variables ξ j to conveniently talk about row-transformations on Q T . Suppose b ne is invertible. Re-write ξ ne = a ne ξ 1 + b ne ξ 2 as
and substitute ξ 2 everywhere, so that each ξ j becomes a linear combination of ξ 1 = ξ nw and ξ ne . The effect is to convert
where the 's denote the entries irrelevant to us.
Remark 3.5. Be careful that when writing (5), one row is multiplied by b ne −1 .
Exchange the second and the m-th columns to obtain (written in block form)
where I(d) ∈ M d (R) denotes the identity matrix, and
the second equality is due to the following fact: whenever ξ 1 = ξ 2 = 1, one has 
with B i 's in the form (6) , and then convert it into
In general, we can convert
where C = B r · · · B 1 , and m k is the number of crossings in T k . Therefore, for L = D(T ), omitting the last two rows, we obtain
Let c be the (1, 2)-entry of C, which is the coefficient of ξ 
It is worth highlighting the formula for c. Put
then by (6) and (4),
To deal with the "degenerate" case when b ne k is not invertible for some k, we may imitate the physical "regularization", introducing "auxiliary variables" k that commute with everything. Replace b ne k by b ne k + k , and proceed as above, the result is then of the form
which is a polynomial in t 1 , . . . , t n , 1 , . . . , r . We have
. . , t n ; 0, . . . , 0).
Remark 3.6. Thus in any case, we can pretend that the b ne k 's are all invertible. We believe that each b ne k is always invertible, but temporarily cannot this. Example 3.7. Consider K = M (−2, 5/2, 2p + 1) with p ∈ Z. This family of knots is interesting, in that it forms the final piece to be completed in the problem of exceptional surgery on arborescent knots (see [10] ). 
